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Abstract
We investigate the evolution of two bars formed in fully self-consistent hydrodynamic simulations of
the formation of Milky Way-mass galaxies. One galaxy shows higher central mass concentration and has
a longer and stronger bar than the other at z = 0. The stronger bar evolves by transferring its angular
momentum mainly to the dark halo. Consequently the rotation speed of the bar decreases with time,
while the amplitude of the bar increases with time. These features qualitatively agree with the results
obtained by idealized simulations. The pattern speed of the stronger bar largely goes up and down within
a half revolution in its early evolutionary stage. These oscillations occur when the bar is misaligned with
the m = 4 mode Fourier component. These oscillations correlate with the oscillations in the triaxilality
of the dark matter halo, but differently from the way identified by idealized simulations. The amplitude
of the weaker bar does not increase despite the fact that its rotation slows down with time. This result
contradicts what is expected from idealized simulations and is caused by the decline of the central density
associated with the mass loss and feedback from the stellar populations. The amplitude of the weaker bar
is further weakens by the angular momentum injection by the interactions with stellar clumps in the disk.
In the both galaxies, the bars are terminated around the 4:1 resonance.
Key words: cosmology: theory – galaxies: formation – galaxies: evolution – galaxies: structure–
methods: numerical
1. Introduction
Roughly two-thirds of disk galaxies have bars, of which
half have strong bars today (Eskridge et al. 2000; Barazza
et al. 2008). The bar fraction seems to be a strong
function of redshift; it decreases by a factor of three
from z = 0 to z = 0.8 (Sheth et al. 2008). Bars can af-
fect galaxy properties by driving secular evolution (e.g.
Kormendy 1979; Combes & Sanders 1981; Pfenniger &
Norman 1990; Combes & Elmegreen 1993; Debattista
et al. 2004; Kormendy & Kennicutt 2004; Athanassoula
2005; Athanassoula 2013; Kormendy 2013), and thus a
number of simulations have performed to study their for-
mation and evolution processes.
Most of the simulations employ idealized initial con-
ditions for isolated galaxies in order to answer spe-
cific questions (e.g. Combes et al. 1990; Debattista &
Sellwood 2000; Athanassoula 2003; Martinez-Valpuesta
et al. 2006; Athanassoula et al. 2013). A general pic-
ture obtained by these studies is that a bar continuously
grows and slows down with time as its angular momentum
gets transferred to the dark halo and the outer disk (e.g.
Weinberg 1985; Combes & Elmegreen 1993; Athanassoula
2003).
In reality however disks and dark halos keep grow-
ing while bars form and evolve. The dark halos result-
ing from cosmological simulations are naturally triaxial
(Frenk et al. 1988; Jing & Suto 2002) and abundant in sub-
structure (Moore et al. 1999; Klypin et al. 1999; Springel
et al. 2008), both of which should exert torque on bars.
Galaxy interactions could trigger bar formation (Miwa &
Noguchi 1998; Berentzen et al. 2004). Moreover, even disk
orientation changes with time owing to the misalignment
of the angular momentum vector of the newly accreting
gas (Okamoto et al. 2005; Okamoto 2013).
Early attempts to investigate the effects of cosmological
growth of galaxies on the bar evolution are made either by
simplifying the initial density perturbations (Heller et al.
2007a; Romano-Dı´az et al. 2008) or by embedding a live
disk in a growing dark halo (Curir et al. 2006). Kraljic
et al. (2012) use a cosmological N -body simulation as
boundary conditions for sticky particle simulations and
follow galaxy and bar evolution in evolving halos. They
confirm that the bar fraction in fact decreases with in-
creasing redshift. Scannapieco & Athanassoula (2012) an-
alyze the bars in fully self-consistent simulations of galaxy
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formation at z=0 and compare their properties with those
in the idealized simulations.
Only recently have cosmological simulations with suf-
ficient resolution to follow evolution of detailed struc-
ture in disk galaxies become possible (Guedes et al.
2011; Okamoto 2013; Stinson et al. 2013; Marinacci et al.
2014). An important difference of these simulations from
the idealized simulations is that they invoke much stronger
stellar feedback than the idealized simulations normally
assume, otherwise simulations form too many stars for a
given halo mass (e.g. Scannapieco et al. 2012; Okamoto
2013; Okamoto et al. 2014). The feedback is so strong that
it can lower the central stellar and dark matter density
during the galaxy evolution (Duffy et al. 2010; Governato
et al. 2012), and hence orbits of stars should be affected.
Two Milky Way-mass galaxies formed in the cosmolog-
ical simulations by Okamoto (2013) offer a unique oppor-
tunity to investigate the evolution of bars in the context of
the Λ-cold dark matter (ΛCDM) cosmology. One galaxy
is clearly barred from z ≃ 1 to 0, while the other has a
much weaker bar. In this paper we compare and contrast
these two galaxies focusing on the evolution of their bars.
We also compare their properties with those obtained by
idealized simulations.
This paper is organized as follows. In section 2 we
briefly describe the simulations and galaxies we analyze.
We present our results in section 3 We then discuss them
and summarize our main conclusion in section 4.
2. Sample galaxies
We study the evolution of the bars formed in two
smoothed particle hydrodynamic (SPH) simulations of
galaxy formation in a ΛCDM universe. The cosmological
parameters employed in these simulations are: Ω0 = 0.25,
ΩΛ = 0.75, Ωb = 0.045, σ8 = 0.9, ns = 0.9, and a Hubble
constant of H0 = 100 h km s
−1 Mpc−1, where h = 0.73.
The galaxies are selected from a cosmological periodic box
of a side length of 100 h−1 Mpc and called ‘Aq-C’ and
‘Aq-D’ according to the labeling system of the Aquarius
project (Springel et al. 2008).
The dark matter particle masses are 2.6×105 and 2.2×
105 M⊙ for Aq-C and Aq-D, respectively, and the original
SPH particle masses are 5.8× 104 and 4.8× 104 M⊙, re-
spectively. At z < 3 the gravitational softening lengths are
fixed in physical coordinates as ǫ = 0.257 and 0.240 kpc
respectively in Aq-C and Aq-D. The simulations include
radiative cooling, photo-heating by the ultra-violet back-
ground (Okamoto et al. 2008), star formation, timed re-
lease of energy, mass, and metals by type II and Ia su-
pernovae and AGB stars (Okamoto et al. 2010; Okamoto
2013). It should be noted that the mass resolution of our
simulations are as good as that in the high resolution ide-
alized simulations, but the spatial resolution is still poor
compared with that of the recent idealized simulations
(50 pc in Athanassoula et al. 2013).
The way of implementing feedback is a key to re-
produce observed properties of galaxies (Okamoto et al.
2010; Okamoto et al. 2014). In our simulations, the en-
ergetic feedback from supernovae is modelled as winds.
A gas particle may receive an amount of energy, ∆E,
form type II supernovae during a time-step, ∆t. We
add this gas particle to winds with a probability, pw =
∆E/[(1/2)mgasv
2
w], where mgas is the mass of the gas
particle and vw is the initial wind speed. The initial
wind speed, vw is given as vw = 5σ, where σ is the one-
dimensional velocity dispersion of the dark matter parti-
cles around the gas particle.
Doing this ensures that the wind mass generated by a
type II supernova is proportional to σ−2, and therefore
less mass galaxies blow more winds per unit star forma-
tion than there more massive counterparts. This feedback
model explains luminosities and metallicities of galaxies
ranging form the Local Group satellites (Okamoto et al.
2010) to more massive galaxies (Okamoto et al. 2014).
The supernova feedback implemented this way is the
strongest among the simulations presented in Scannapieco
et al. (2012), and the resulting stellar mass of the galaxies
is consistent with what expected by the abundance match-
ing for their halo masses. (Guo et al. 2010; Behroozi et al.
2013; Moster et al. 2013).
The simulations follow the evolution of the stellar pop-
ulations throughout their entire life. Therefore the star
particles lose their masses not only by the type II su-
pernovae and mass loss from the massive stars but also
by type Ia supernovae and the stellar mass loss from the
intermediate mass stars. The feedback from old stellar
populations by type Ia supernovae is also considered.
The stellar masses of these galaxies at z = 0 are 4.0×
1010 M⊙ (Aq-C) and 3.1× 10
10 M⊙ (Aq-D); hence their
masses are close to that of the Milky Way. The global evo-
lution and properties of these galaxies are fully described
in Okamoto (2013). We here only show the evolution of
the circular velocity profiles which is the most relevant to
the current study.
In order to characterize the mass distribution and the
angular frequency of circular orbits, we calculate the cir-
cular velocity from the azimuthally averaged radial ac-
celeration in the disk plane, ar(r), as vc(r)
2 = −rar(r).
We measure the radial acceleration at equally spaced 128
azimuthal positions at each radius in the disk plane to
determine ar(r).
We show the evolution of the circular velocity measured
this way in figure 1. We find that the central circular ve-
locity continuously decreases with time in both galaxies.
This is presumably due to the stellar mass loss and feed-
back since we do not find this behavior in simulations
without stellar mass loss nor feedback. This drop changes
the resonance structure as we will show later. We also
find that Aq-C has more centrally concentrated mass dis-
tribution than Aq-D.
The vertical line indicates the radius inside which
a baryonic component dominates as vc(r) < 1.1vc,b(r),
where vc,b(<r) is the contribution of the baryons (gas and
stars) to the circular velocity; the disks are bar unstable
when this condition is satisfied (Efstathiou et al. 1982),
although this criterion is only appropriate for a pure N -
body cold disk in a rigid halo (e.g. Athanassoula 2008).
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Fig. 1. Evolution of the circular velocity profiles. The upper and lower panels show Aq-C and Aq-D, respectively. From left
to right, the circular velocities at z = 1.5, 1.0, 0.5, and 0 are plotted as functions of radius. The blue solid lines are the circular
velocities calculated from the azimuthally averaged radial accelerations in the disk planes, and the green dotted, red dashed, and
cyan dot-dashed lines indicate the contribution of the dark matter, baryons, and stellar components, respectively. The vertical
dotted lines indicate the radii at which vc(r) = 1.1vc,b(r), where vc,b(r) is the contribution of the baryonic matter to the circular
velocity at the radius, r.
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This radius is almost constant with redshift (≃ 1 kpc) in
both galaxies. Similarly, the radius at which the contribu-
tion of the baryons is equal to that of the dark matter is
also constant with redshift (≃ 4 kpc), indicating that the
stellar mass fractions as functions of radius do not evolve
strongly with redshift. Aq-C’s circular velocity curve is
more resembling to the universal rotation curve proposed
by Salucci et al. (2007) than Aq-D’s.
3. Results
In this section, we first describe how we identify stellar
bars in the simulated galaxies and then undertake detailed
studies of the evolution of the bars. In the following anal-
yses, the z-direction is chosen to be parallel to the angular
momentum vector of stars within 5 per cent of the virial
radius1 at given redshift unless otherwise stated. Note
that the disk orientation significantly changes with red-
shift (Okamoto et al. 2005; Okamoto 2013). We use stars
with |z| < 1 h−1 kpc to compute the surface stellar den-
sity to avoid the contamination of the stars in the satellite
galaxies.
3.1. Bar identification
The strength, length, and angle of a bar can be param-
eterized by the amplitude and phase of its Fourier com-
ponent, defined by expressing the surface stellar density
as a Fourier series,
Σ(r,φ)
Σ¯(r)
= 1+
∞∑
m=1
Am(r)cos[m{φ−φm(r)}], (1)
where Σ(r, φ) is the surface stellar density, φ is the az-
imuthal angle, Σ¯(r) is the azimuthally averaged surface
stellar density at radius r, and Am and φm are the am-
plitude and phase of the m-th Fourier component, respec-
tively. Before we perform this analysis, we remove stellar
clumps in order for the m = 2 component not to include
contributions of them, which are particularly abundant in
Aq-D (Okamoto 2013). The details of this procedure and
its effect are described in appendix 1. In short, the re-
moval of the clumps does not affect our results presented
in this paper. We calculate the Fourier series for the face-
on projections.
Typically, the amplitude of the m = 2 mode, A2(r),
has a peak if a bar exists. The phase, φ2(r), should
be constant in the bar region. We first identify the ra-
dius at which A2(r) takes the maximum value, A
max
2 ,
and we call this radius rmax2 . The bar angle is defined
as φbar = φ2(r
max
2 ). We utilize the radial profile of the
phase of the m = 2 Fourier component to determine the
bar length. Outside the bar region, the phase should show
large variation owing to a spiral structure or by the ab-
sence of clear structure. We thus define the bar length,
rbar, as the maximum radius where the bar angle φbar and
the phase of the m= 2 component differ by less than ∆φ.
We employ ∆φ= 0.1π in this paper.
1 The virial radius is calculated based on the spherical collapse
model (Eke et al. 1996).
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Fig. 2. The amplitude and phase profiles of the m=2 mode.
The upper and lower six panels show Aq-C and Aq-D, re-
spectively. From left to right, the results at z = 1, 0.5, and
0 are presented. The bar length, rbar, is indicated by the
vertical red dashed line in each panel. The horizontal green
dot-dashed lines indicate the values of Amax2 and φbar in the
panels for amplitude and phase, respectively.
Athanassoula & Misiriotis (2002) present a number of
ways to measure bar length; each method has its own
pros and cons. Scannapieco & Athanassoula (2012) com-
pare three methods among them, which are readily ap-
plicable to disks obtained by cosmological simulations.
We also compare these three methods in appendix 2; the
first method is what we have described above, the second
method uses the m = 2 amplitude profiles, and the third
method compares the surface stellar density profile along
the bar major axis with that along the bar minor axis. We
find that the bar lengths obtained by these three methods
agree reasonably well.
We demonstrate our method in figure 2 where we plot
the amplitude and phase profiles of them=2 Fourier com-
ponent at z = 1, 0.5, and 0. We find that the amplitude,
A2(r), has a clear peak at each redshift and the phase,
φ2(r), is nicely constant around the peak. We hence con-
clude that both Amax2 and φbar are robustly defined by
this method.
On the other hand, the bar length, rbar, has weak
No. ] Cosmic evolution of simulated bars 5
−5 0 5
−5
0
5
y 
[k
p
c]
z=1
−5 0 5
−5
0
5
z=0.5
−5 0 5
−5
0
5
z=0
−5 0 5
x [kpc]
−5
0
5
y 
[k
p
c]
−5 0 5
x [kpc]
−5
0
5
−5 0 5
x [kpc]
−5
0
5
Fig. 3. Contour maps of the face-on stellar surface density
of the galaxies. We have removed the clumps from the density
distributions as described in appendix 1. The upper and lower
panels correspond to Aq-C and Aq-D, respectively, and the
galaxies at z=1, 0.5, and 0 are shown from left to right. The
contour levels are logarithmic. The black solid lines indicate
the bars whose length and angle are defined as described in
the text.
dependence on the value of ∆φ, and thus it is less ro-
bustly defined2. In Aq-D, the amplitude, A2(r), has two
peaks within the bar length at z = 0. Such a feature
is hardly seen either in real galaxies (e.g. Buta et al.
2006; Elmegreen et al. 2007; Buta et al. 2009) or in the ide-
alized simulations (e.g. Athanassoula & Misiriotis 2002).
We therefore examine whether the outer peak is a different
component from the inner component, which is coinciden-
tally aligned with the inner component in appendix 3.
We find that the amplitude of the outer peak shows
a rapid time variation and the outer component always
has almost the same phase as the inner component. By
inspecting the surface density distribution, we speculate
that the outer m=2 peak is induced by interactions with
the debris of the stellar clumps in the outer region of the
bar, which is orbiting with the different angular veloc-
ity from the bar. We thus hold our definition of the bar
length throughout this paper. We will later show how the
bar length changes if we exclude the outer component.
It should be noted that we always use the inner compo-
nent to define the bar angle and amplitude of Aq-D, and
therefore the treatment of the outer component does not
affect most of the results and discussions presented in this
paper.
The bars identified this way are overplotted on the face-
on surface stellar density maps in figure 3. The sur-
face stellar density maps confirm that Aq-C always has
a longer bar than Aq-D, while Aq-D has a better defined
bar at z=1, which is evident from figure 2 where the value
of Amax2 of Aq-D at z = 1 is larger than that of Aq-C. We
find that the central surface stellar density decreases with
2 Any methods described in appendix 2 introduce a tolerance pa-
rameter to define the bar length.
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Fig. 4. Time evolution of the bar length, rbar, and the am-
plitude, Amax2 . The upper panel shows the bar lengths as
functions of time (or redshift). The red solid and blue dot-
ted lines indicate Aq-C and Aq-D, respectively. The black
dashed line represents the bar length of Aq-D when we ex-
clude the outer component. The amplitude, Amax2 , is shown
in the lower panel.
time in both galaxies. We also find that Aq-D has more
structure than Aq-C such as spiral arms. Such structure
in Aq-D is mainly induced by the interactions with the
clumps (see appendix 1), which we have erased in figure 3.
The clumps sink to the central region (Okamoto 2013),
and it can change the bar properties by adding mass and
changing the angular momentum of the central region.
By comparing the bar lengths and angles indicated by the
straight lines in figure 3 with the shapes of the isodensity
contours, we conclude that our method identifies the bars
in the simulated galaxies well.
3.2. Redshift evolution
We now investigate the redshift evolution of the bars.
We plot the bar lengths, rbar, and the bar amplitudes,
Amax2 , as functions of cosmic time and redshift in figure 4.
We find that Aq-C’s bar becomes longer and stronger with
time. This behavior is usually seen for bars in early-type
disk galaxies (Combes & Elmegreen 1993) or bars in galax-
ies with centrally concentrated dark halos in the ideal-
6 T. Okamoto et al. [Vol. ,
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Fig. 5. Time evolution of the bar pattern speed, Ωbar, and
the amplitude, Amax2 , around z = 1, 0.5, and 0 (from left to
right). We show Aq-C and Aq-D in the upper and lower six
panels, respectively. The bar pattern speed and the amplitude
are respectively shown in the upper and lower three panels of
each group of panels as functions of cosmic time.
ized simulations (Athanassoula 2003). This is consistent
with the fact that Aq-C has a massive bulge (Okamoto
2013) and its halo shows the high central concentration
(figure 1).
Contrarily, Aq-D’s bar does not show such strong evo-
lution in the length and its amplitude is almost constant
until t ∼ 9.8 Gyr, around which it sharply drops to the
lower value. We also compute the bar length in Aq-D
by excluding the component corresponding to the outer
peak. To do so, we find the radius between the inner
and outer peaks at which the amplitude, A2(r), takes the
minimum value. If this radius is shorter than the bar
length defined by the phase profile, we employ this radius
as the bar length. The bar length defined this way exhibits
very weak time evolution. The comparison between two
bar lengths with the different definitions implies that the
outer region of Aq-D’s bar is violently disturbed by the
interactions with the stellar clumps. We will show both
bar lengths when the bar length is matter.
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Fig. 6. Same as figure 5 but now as functions of the bar
angle, φbar.
3.3. Pattern speed of the bars
The time-steps used to output the simulation snapshots
are too large to measure the bar pattern speed. Moreover,
the change of the disk orientation with time (Okamoto
2013) makes it difficult to measure the pattern speed. We
hence restart the simulations around z = 1, 0.5, and 0,
and then follow their evolution for a short period of time
during which the orientation of the disks hardly changes;
when the rotation axis of the disk is most misaligned with
the initial one, the cosine of the angle between them is
0.996, which occurs in the simulation for Aq-C at z∼ 1. In
other simulations this value is always greater than 0.999.
The disk does not tumble during these periods, and thus
the misalignment monotonically increases with time. We
employ the output time-step of 10 Myr for these additional
simulations.
In figure 5 we show the bar pattern speed, Ωbar ≡ φ˙bar,
and the amplitude, Amax2 , as functions of time around z=
1, 0.5 and 0. Firstly, we find that the pattern speed of the
bars slows down from z=1 to 0 in both galaxies. The long-
term behavior of Aq-C’s bar is consistent with what we
expect from the results of the idealized simulations, that
is, the bar becomes stronger and longer as it rotates more
slowly. Aq-D’s bar however does not change its amplitude
No. ] Cosmic evolution of simulated bars 7
between z ≃ 1 and 0.5 while it’s pattern speed decreases.
the bar amplitude becomes smaller from z ≃ 0.5 to 0.
The pattern speed and the amplitude of Aq-C’s bar
display large oscillations at z ≃ 1 and 0.5. Interestingly,
the short-term behavior is similar to the long-term one,
i.e. the bar gets stronger when the pattern speed de-
creases. This oscillation becomes smaller with time and
almost vanishes at z ≃ 0. Such oscillations have also
been observed in idealized simulations (Dubinski et al.
2009; Athanassoula et al. 2013). Athanassoula et al.
(2013) suggest that the oscillation is caused by the in-
teraction between a bar and a host triaxial halo. We will
investigate halo properties in section 3.5.
The small oscillations seen in the pattern speed of Aq-
D’s bar do not correlate with the oscillations of the bar
amplitude; the amplitude is more or less constant during
each period of time. The time evolution of the direction of
the rotation axis is not the reason for the oscillations be-
cause the angle with the initial rotation axis (z-direction)
is sufficiently small. Moreover this angle monotonically in-
creases with time and does not oscillate. We suspect that
the oscillation of the pattern speed of Aq-D’s bar is caused
by the interactions between the bar and the clumps.
To see the short-term behaviors more closely, we now
plot the pattern speed and the amplitude as functions of
the bar angle, φbar(t), in figure 6. We find that the periods
of the oscillations in the amplitude and the pattern speed
are half a revolution period of the bar when they show
large oscillations (at z ≃ 1 and 0.5 in Aq-C). On the other
hand, we do not see such a periodicity for Aq-D’s bar.
3.4. Which component obtains the angular momentum?
Since the bar pattern speed slows down from z = 1 to
0, we expect that the angular momentum of the bars is
transferred to other components, such as outer disks or
dark halos. In order to identify which component plays
the most important role in spinning down the bars, we
try to measure the torque from each component acting
on the bars. Doing this is however not straightforward
because defining particles that constitute the bar is not
a simple task. It is also difficult to relate the measured
torque to the change in the bar pattern speed even if we
somehow define the particles that belong to the bar, since
the angular momentum of the bar, Lbar= IbarΩbar, where
Ibar is the moment of the inertia of the bar, is different
from the total angular momentum of the particles that
constitute the bar.
We therefore take a simpler approach. We define the
bar region as a disk with the radius, rbar, and the height
1 h−1 kpc, and then compute the torques acting on the
star particles within this region. Since the z-component
of the torque acting on an axisymmetric component is
zero, the torque mainly operates on the bar as long as the
bar is the most significant non-axisymmetric structure in
the region. We have checked that we obtain qualitatively
equivalent results when we calculate torques on the par-
ticles along the bar. We have also confirmed the results
does not change qualitatively if we employ the bar length
by excluding the outer m= 2 component for Aq-D.
In figure 7, we show the z-component of the specific
torque from the particles within the virial radius acting
on the stars in the bar region as a function of the bar
angle, φbar(t). We find that the torque from the dark halo
dominates the total torque in Aq-C and it is negative on
average; the torque from the dark matter spins down the
stars in the bar region more strongly at higher redshift. In
Aq-C, the torque from the dark matter shows the periodic
change with the period of half a bar revolution period.
This behavior suggests that the torque is exerted by the
anisotropic distribution of the dark matter.
Although the period with which the torque changes
is the same as the period with which the pattern speed
changes in Aq-C at z ≃ 1 and 0.5, the change in the an-
gular momentum of the stars within the bar region is not
directly reflected to the bar pattern speed. In the panels
of z≃ 1 and 0.5 for Aq-C, we indicate the bar angle where
the bar pattern speed becomes the smallest. We find that,
against the intuition, the torque takes the largest negative
value where the bar pattern speed becomes the smallest.
The pattern speed should be the smallest where the torque
changes its sign from minus to plus if the angular mo-
mentum of the stars within the bar region were directly
reflected to the bar pattern speed. Moreover, the pattern
speed of Aq-C’s bar at z ≃ 0 is almost constant while the
torque show the same level of variation as at z ≃ 1 and 0.
This is a direct consequence of the fact that the bar an-
gular momentum, IbarΩbar, is different physical quantity
from the total angular momentum of the particles belong-
ing to the bar as we mentioned earlier.
In Aq-D, the amplitude of the specific torque is much
smaller than that in Aq-C. The long-term evolution of the
bar pattern speed in Aq-D is thus much more moderate
than Aq-C. The torque is not always dominated by the
contribution of the dark matter, for example the torque
is dominated by the contribution of the stars at z ≃ 0.5.
This is consistent with the fact that the central density of
the dark halo of Aq-D is much lower than that of Aq-C
and thus there is less dark matter to absorb the angular
momentum of the bar.
Athanassoula (2003) show that the angular momen-
tum is emitted from near-resonant material at the in-
ner Lindblad resonance (ILR), i.e. a bar, and absorbed
by mainly by near-resonant material at the corotation
and the outer Lindblad resonance in the halo; the near-
resonant material in the outer disk also absorbs the angu-
lar momentum, but the role the outer disk plays is much
less significant than the halo. This picture is in good
agreement with the analytic calculations (Lynden-Bell &
Kalnajs 1972; Tremaine & Weinberg 1984). Our results
show that the halo is the main absorber of the angular
momentum when a significant amount of the angular mo-
mentum of the bar is transferred from the bar. The results
thus qualitatively agree with those by the idealized simu-
lations and the prediction of the analytic calculations.
3.5. Halo properties
Athanassoula et al. (2013) claim that the oscillations
seen in the bar amplitude can be understood by the inter-
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Fig. 7. The z-component of the specific gravitational torque acting on the stars in the bar regions at z ≃ 1, 0.5, and 0. The upper
and lower panels show Aq-C and Aq-D, respectively. The red circles indicate torque from all the particles within virial radius, rvir.
The cyan squares, green stars, and blue diamonds respectively show the contributions of the dark matter, stars, and gas. The vertical
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Fig. 8. Radial profiles of the halo triaxiality. The left panels show the halo properties of Aq-C and the right ones show those of
Aq-D. From top to bottom, we display the radial profiles of the minor-to-major axial ratio, c/a, the intermediate-to-major axial
ratio, b/a, the directional between the disc ration axis and the halo minor axis, and the azimuthal direction of the halo major axis.
From left to right, we show the halos at z = 1, 0.5, and 0 for each galaxy.
action between a bar and its host triaxial halo. They find
that Amax2 has a minimum and the halo intermediate-to-
major axial ratio, b/a, has a maximum when the bar and
halo major axis are aligned. On the other hand, Amax2 has
a maximum and the halo b/a has a minimum when the
bar and halo major axis are perpendicular. These results
imply that the triaxial halo plays a role of an outer bar
and the basic building blocks of the bar are loops.
We thus investigate the halo triaxiality in this sec-
tion. We have removed the subhalos identified by SUBFIND
(Springel et al. 2001) in order to consider only the smooth
component of the dark halos. The results are however al-
most identical to the case in which we use the dark matter
distribution as it is, except at the outer parts of the dark
halos.
In figure 8, we show the radial profiles of the halo triax-
iality, where each radial bin contains 20000 dark matter
particles. The inner halo has a higher sphericity than the
outer halo and the inner halo’s minor axis is well aligned
with the disk rotation axis. The direction of the minor
axis of the outer halo is almost independent from that
of the inner halo. The baryonic contraction due to gas
cooling makes the inner halo more spherical than dark
matter only simulations (Kazantzidis et al. 2004; Bailin
et al. 2005). The tidal torque between the disk and the
inner halo aligns the rotation axis and the halo minor axis
(Bailin et al. 2005). We also find that Aq-D’s halo is more
spherical than Aq-C’s. This explains the small amplitude
of the specific torque from dark matter acting on the bar
in Aq-D.
We now explore the time oscillations of the halo triax-
iality of Aq-C that shows oscillations in the bar ampli-
tude and pattern speed at high redshift. Athanassoula &
Misiriotis (2002) claim that the halo triaxiality should be
measured in a density bin instead of a radial bin since the
former is noisier than the latter. It is however not the case
in our simulations probably because the dark matter den-
sity distribution in cosmological halos are not as smooth
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Fig. 9. Time evolutions of the bar amplitude and the halo
triaxiality of Aq-C around z=1, 0.5 and 0 (from left to right).
From top to bottom, we present the bar amplitude, Amax2 , the
minor-to-major halo axial ratio, c/a, the intermediate-to-ma-
jor halo axial ratio, b/a, and the azimuthal direction of the
halo major axis, φmajor. We also show the axis ratio of the
dark matter ring in the disk plane and the azimuthal direc-
tion of its major axis by the red dashed lines. The vertical
dashed lines indicate the time when the directions of the halo
major axis and the bar are aligned and the vertical dotted
lines indicate the time when the directions of the major axis
of the dark matter ring and bar are aligned.
as that in the idealized simulations even if we remove the
subhalos. We hence measure the triaxiality of a spherical
shell of radius between rbar and 2rbar, where we employ
the mean bar length during each simulation as rbar. We
first sort the dark matter particles by the distance from
the center and identify the ranking of the particles that lie
between rbar and 2rbar in the first snapshot. In the rest of
the snapshots, we use the dark matter particles that have
the same ranking in radius as the particles selected in the
first snapshot to measure the orientation and the shape
of the halo. Our results are not sensitive to the choice of
the radius of the shell as long as that lies between rbar
and 3rbar. Within rbar, the direction of the halo major
axis largely oscillates, but not rotates. In the outer part,
(r & 3rbar), the direction of the major axis of the halo is
independent of that of the inner part (figure 8). Since the
minor axis of the halo is not parallel to the rotation axis
of the disk as shown in figure 8, the azimuthal direction
of the major axis of the halo can be different from that
of the major axis of the dark matter distribution in the
disk plane as we will show later. We thus measure the
axis ratio of the dark matter ring of rbar < r < 2rbar and
|z|< 0.1h−1 kpc and the direction of its major axis, too.
In figure 9, we show the time evolution of the bar
amplitude, the minor-to-major halo axial ratio, and the
intermediate-to-major halo axial ratio, together with the
axial ratio of the dark matter ring. We also show the az-
imuthal directions of the major axes of the dark matter
shell and ring. The directions of these axes are better
aligned at lower redshift simply because the directions of
the halo minor axis and the disk rotation axis are better
aligned at lower redshift as shown in figure 8.
We find that the axial ratios, b/a, of the shell and ring
oscillate with the same frequency as the bar oscillation.
The minor-to-major axial ratio, c/a, also shows similar
oscillations to b/a. These results agree with the finding
by Athanassoula et al. (2013).
The bar amplitude is however largest when the bar
and the major axis of the dark matter ring are paral-
lel. This behavior contradicts the result by Athanassoula
et al. (2013) and the loop concept that predicts a loop
corresponding to an inner bar is less elongated when the
inner and outer bars are aligned (Maciejewski & Sparke
2000; Maciejewski & Athanassoula 2007). The simulation
results by Heller et al. (2001) and Heller et al. (2007b)
are more analogous to ours. They find that the inner
bar/ring component is more elongated when it is parallel
to the outer bar. On the other hand, the halo is more ax-
isymmetric, i.e. c/a and b/a are large, when the bar and
the major axis of the dark matter ring are aligned. This
result is consistent with the behaviors of the halo triaxi-
ality found by Athanassoula et al. (2013). Further studies
are needed to understand the origin of the disagreement
among the simulations.
3.6. Interaction with the m= 4 Fourier mode
In this subsection, we investigate the second most signif-
icant Fourier mode, the m=4 mode, and explore possible
interaction between the m= 2 and m= 4 Fourier modes.
In figure 10, we plot the amplitude and the phase profiles
of the m= 4 Fourier mode. Since the phase of the m= 4
mode, φ4(r), is defined between 0 and π/2, we also plot
φ4(r) + π/2 to investigate the alignment between m = 4
and 2 modes. Note that as Aq-C’s snapshot at z ≃ 1, we
chose the one in which the misalignment between the two
components is evident.
We find that the relative importance of the m= 4 com-
ponent to the m = 2 component is larger in Aq-C than
in Aq-D. This result is consistent with those obtained by
many simulations. In Athanassoula & Misiriotis (2002),
the relative importance of the higher order even moments
is higher in a galaxy with a stronger bar. The same trend
is seen in cosmological bars (Scannapieco & Athanassoula
2012). In Aq-C, the maxima of A4(r) occur at almost the
same radii as the maxima of A2(r), i.e. at r
max
2 . Usually in
idealized simulations, the maxima of the amplitudes of the
higher order even moments occur considerably larger radii
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Fig. 10. The amplitude and phase profiles of the m= 2 and
m = 4 modes. The upper and lower six panels show Aq-C
and Aq-D, respectively. The blue solid and red dotted lines
respectively represent the m = 2 and m= 4 modes. The am-
plitude and phase are shown in the upper and lower panels of
each group of panels. From left to right, the results at z = 1,
0.5, and 0 are presented. For the phase, φ4(r), we also plot
φ4(r) +pi/2 in order to compare it with the m= 2 mode.
than rmax2 in galaxies with massive halos (Athanassoula
& Misiriotis 2002; Athanassoula 2003). Scannapieco &
Athanassoula (2012) obtain the same result as ours for
the same Aquarius halo, Aq-C, in spite of their lower res-
olution and weaker feedback, i.e. a heavier disk, than
ours (Scannapieco et al. 2009). This agreement implies
that the halo formation history and its shape play an im-
portant role in shaping substructure of a galaxy.
In Aq-C, the m = 2 component is largely misaligned
with the m = 4 component at z = 1 and is slightly mis-
aligned at z = 0.5. At z = 0 the two modes are perfectly
aligned with each other. On the other hand, the two
modes are always aligned in Aq-D. It is interesting that
the bar and the m = 4 component are misaligned when
the bar shows large oscillations in its pattern speed and
amplitude.
Next, we explore the relation between the pattern speed
and amplitude of the m = 2 and m = 4 components. To
calculate the pattern speed of the m = 4 component, we
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Fig. 11. Same as figure 5 but we now show the pattern speed
and amplitude of the m = 4 components as well. The m = 2
and m = 4 components are respectively represented by the
blue solid and red dotted lines.
define Amax4 and r
max
4 by exactly the same way as we de-
fined Amax2 and r
max
2 and then we define the phase of the
m= 4 component as φ4(r
max
4 ).
In figure 11, we show the pattern speed of the m =
2 component, Ωbar ≡ φ˙bar, and the m = 4 component,
φ˙4(r
max
4 ). We find that the pattern speed of the m = 4
component also shows large and periodic oscillation at
z ≃ 1 in Aq-C. This oscillation becomes much smaller at
z≃ 0.5 at which the misalignment between the two modes
is small (see figure 10). Once the phases of the two com-
ponents are perfectly aligned with each other, the pattern
speed of the both components becomes almost constant
and of course the two components have the same pattern
speed.
The amplitude of the m=4 component also varies with
the same frequency as the pattern speed. As for the m=2
component, the amplitude becomes large when the pat-
tern speed is small and vise versa. The frequency of the
oscillation of the pattern speed of the m=4 component is
clearly higher than that of the m=2 component. We find
that the period of the oscillations of the pattern speed and
the amplitude of the m= 4 component is a quarter of its
revolution period.
As we have shown, the m=2 and m=4 components in
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Fig. 12. Behavior of Ω−κ/2, Ω−κ/4 and Ω at z = 1, 0.5,
and 0. The blue dashed, green dotted, and red dot-dashed
lines respectively represent Ω− κ/2, Ω− κ/4, and Ω. The
upper and lower panels indicate Aq-C and Aq-D, respectively,
and redshifts are 1, 0.5, and 0 from left to right. We show
the bar pattern speed around these redshifts by the horizontal
black solid lines, whose lengths correspond to the bar lengths.
For Aq-D, we also show the case in which we define the bar
lengths by excluding the outer component (horizontal yellow
solid lines).
Aq-D are always aligned with each other. In this case, the
pattern speed and the amplitude of both m=2 and m=4
components do not show the periodic oscillations, which
are seen in Aq-C at z ≃ 1 and 0.5. The high-frequency
oscillations are probably caused by the interactions with
clumps as we have already discussed for the m= 2 mode.
Our results suggest that the pattern speed of the bar oscil-
lates if its phase is misaligned with the phase of the m=4
component in the same region.
3.7. Resonances and the bar length
Finally we investigate the resonance structure of the
simulated galaxies. In figure 12 we show the behaviors of
Ω− κ/2, Ω− κ/4, and Ω as functions of radius, where Ω
is the angular frequency of a circular orbit and κ is the
radial angular frequency.
The sharp rise of the Ω−κ/2 curves towards the center
is due to the gravitational softening. Since the spatial
extent of this region is much smaller than the scale we are
interested in, we will ignore the innermost 2:1 resonance
due to this sharp rise in the following discussion. Each
Ω− κ/2 curve has a peak and thus these galaxies have
double ILRs if the bar pattern speed is smaller than the
peak value (and if we ignore the inner most ILR). The
peak values decrease with time since the central density of
the galaxies decrease with time due to the stellar evolution
and the feedback (see figure 1).
The density structure does not change on the short
time-scale during which we measure the pattern speed
of the bars around z = 1, 0.5, and 0. We show the bar
pattern speed and the bar length measured around these
redshifts by the horizontal lines. From the behavior of
the bar pattern speed and the amplitude in Aq-C around
z = 1 and 0.5, we speculate that the smaller the pattern
speed is, the larger the amplitude is if the Ω− κ/2 curve
is fixed (Kormendy 2013).
On the long time-scale, Ω− κ/2 curve is lowered as
shown in figure 12. In Aq-C, the bar pattern speed
strongly decreases from z = 1 to 0. As a result, the bar
amplitude becomes larger with time (figure 4). In Aq-
D, the slow down rate of the bar pattern speed is much
lower than that in Aq-C. Consequently, the peak value
of Ω− κ/2 curve decreases as fast as or faster than the
bar pattern speed. The bar amplitude in this case does
not change much or becomes smaller as shown in figure 4.
At z ≃ 0, there is no 2:1 resonances in many cases if we
ignore the inner most resonance. As a result, the bar am-
plitude at z = 0 is smaller than that at z = 0.5. We will
discuss the sharp decline in the amplitude of Aq-D’s bar
at t∼ 9.8 Gyr shown in figure 4 in the next section.
The bar lengths are around the 4:1 resonances in both
galaxies at all redshifts. Even if we define the length of Aq-
D’s bar by excluding the outer component, the bar looks
terminated at this resonance except at z ≃ 0. Patsis et al.
(1997) study the orbital structure in the potential model
of NGC 4314 and predict that the longest stable periodic
orbits are found at the 4:1 resonance. Our cosmological
simulations confirm their prediction.
4. Discussion and conclusions
We have investigated the cosmological evolution of bars
by utilizing the two Milky Way-mass galaxies formed in
the fully self-consistent simulations of the galaxy forma-
tion by Okamoto (2013). The evolution qualitatively
agrees with what is expected from idealized simulations,
that is, the bar in the galaxy having more centrally
concentrated mass distribution exhibit stronger evolution
than the other (Combes & Elmegreen 1993; Athanassoula
2003). This picture is in good agreement with observa-
tions (e.g. Cheung et al. 2013). The bar in Aq-C receives
the large negative torque from the dark matter and is
significantly slowed down z = 1 to 0. As the bar pattern
speed decreases, the bar becomes stronger and longer. On
the other hand, the torque acting on Aq-D’s bar is much
weaker by lacking materials that absorb the angular mo-
mentum of the bar.
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Fig. 13. Evolution of the bar pattern speed and amplitude
of Aq-D around t ≃ 9.8Gyr. In the top panel, we show the
evolution of the bar pattern speed and the peak value of the
Ω−κ/2 curve by the blue solid and black dotted lines respec-
tively. In the middle panel we also plot the specific angular
momentum of the stars in the bar region (r < 1.68 kpc and
|z|< 1 h−1 kpc). In the bottom panel, we show the bar am-
plitude Amax2 (t).
The pattern speed of Aq-C’s bar violently oscillates at
z ≃ 1. The oscillation becomes smaller at z ≃ 0.5 and
disappears at z ≃ 0. The period of the oscillation as
a function of the bar angle is π, indicating the interac-
tion with the halo’s quadrapole moment. The amplitude
of the bar also shows the oscillations with the same fre-
quency as those of the pattern speed. When the bar ro-
tates slower, it becomes stronger and vise versa. This
short-term behavior is consistent with the long-term be-
havior in Aq-C, i.e. the slower the bar rotation is, the
lager its amplitude is. These oscillations correlate with
the oscillations in the halo triaxiality as pointed out by
Athanassoula et al. (2013). When the bar and the halo
major axis are parallel, the halo is more spherical and
the bar is strongest. The former result is agree with the
simulations by Athanassoula et al. (2013), but the latter
is opposite to them. The origin of the disagreement is
unclear.
The evolution of the bar in Aq-D seems to contradict
this scenario. While the pattern speed of the bar decreases
with time, its amplitude does not increase from z = 1 to
0.5 and even decreases from z = 0.5 to 0. We speculate
that this is because the Ω−κ/2 curve is lowered with time
(figure 12) due to the decreasing central density with time
(figure 1), which is most likely caused by the mass loss and
feedback from the stellar populations. The inclusion of
the mass loss through entire life of stellar populations and
strong feedback is one of the biggest differences between
our cosmological simulations and idealized simulations of
isolated galaxies. The instantaneous recycling approxima-
tion is often used in idealized simulations and old stars do
not lose their mass even when gas cooling, star formation,
and feedback are included in idealized simulations (e.g.
Athanassoula et al. 2013). Thanks to the efficient angu-
lar momentum transfer from the bar to the dark matter in
Aq-C, the bar pattern speed drops faster than the Ω−κ/2
curve, and thus the bar becomes stronger. On the other
hand, the slowdown rate of Aq-D’s bar is as low as the
decreasing rate of the peak value of the Ω− κ/2 curve.
In Aq-D, the amplitude of the bar sharply drops at t∼
9.8 Gyr. To see why the bar is weakened, we measure the
bar pattern speed and the peak value of the Ω−κ/2 curve,
(Ω− κ/2)peak, around this epoch. In figure 13, we show
the evolution of the bar pattern speed by restarting the
simulations from several snapshots and compare it with
the evolution of (Ω− κ/2)peak.
We find that the bar pattern speed is in fact an in-
creasing function of time on average until t ≃ 9.9 Gyr,
while (Ω− κ/2)peak slowly decreases with time. As the
bar pattern speed approaches (Ω− κ/2)peak, the bar am-
plitude decreases. We also show the evolution of the spe-
cific angular momentum of the stars in the bar region
(r < 1.68 kpc). The specific angular momentum in the bar
region sharply increases with time until t≃ 9.9 Gyr. The
angular momentum is most presumably brought by the
clumps. Okamoto (2013) has shown that a non-negligible
amount of mass is added to Aq-D’s bulge by the clumps
during this epoch. The high frequency oscillations in the
bar pattern speed is likely to be cause by the interactions
with the clumps. At t & 9.9 Gyr, the bar pattern speed
often exceeds (Ω− κ/2)peak. These results support the
idea that the bar amplitude is determined by the relation
between the pattern speed and the Ω− κ/2 curve.
Interestingly, the oscillations in the bar pattern speed
and amplitude in Aq-D’s bar are observed only when the
m=2 component is misaligned with them=4 component.
The oscillations become smaller as the two components
get aligned with each other. The m= 4 components have
the comparable spatial size to the m = 2 components in
both galaxies.
The bar lengths seem to be determined by the 4:1 res-
onances. Our cosmological simulations thus confirm the
prediction by Patsis et al. (1997). Our results are also
consistent with the observation of NGC 253, which has a
bar whose length coincides with 4:1 resonance (Sorai et al.
2000).
In summary, using high-resolution cosmological simu-
lations of disk galaxy formation, we show that the bar
evolution in the cosmological simulations is qualitatively
14 T. Okamoto et al. [Vol. ,
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Fig. 14. The same as figure 3, but shown the original surface
stellar density maps where the clumps are not removed).
consistent with that obtained by idealized simulations of
isolated disk galaxies and observations. We find that the
strong feedback and continuous mass loss from stellar pop-
ulations significantly lowers the central density with time
and hence changes the resonance structure. We also find
that the clumps formed in the disk can spin up the bar
and can weaken its strength. Our sample is too small
to understand why the oscillations in bar amplitude cor-
relate with those in halo triaxiality differently from the
idealized simulations by Athanassoula et al. (2013) and
thus we leave it for future studies.
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Appendix 1. Clump removal
In order for the m=2 component not to include contri-
butions from clumps, we have removed the clumps from
the density field before we calculate the Fourier series. In
figure 14, we present the original surface stellar density
maps. There are clearly two clumps in Aq-D at z = 0.5,
which are not seen in figure 3 where we have eliminated
the contribution of the clumps.
To remove the clumps, we start from the cell that has
the highest surface stellar density and then examine its
neighboring cells. If the surface density of a neighboring
cell is equal to or lower than that of the current cell, we
add it to the smooth component. By recursively examin-
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Fig. 15. The same as figure 2 but here we compare the am-
plitude and phase profiles from the original surface stellar
density fields (blue solid liens) with those from the density
fields in which the clumps have been removed (red dotted
lines).
ing the neighboring cells of the smooth component, local
density peaks are isolated as non-smooth components.
We then replace the surface density of the cell at (r,φ),
classified as the non-smooth components with that of the
cell at (r,φ+ π). This method has an advantage that it
can be applied even when a clump is at radius compara-
ble to or smaller than the bar length. We have applied
this procedure to all the simulation snapshots used in this
paper.
In figure 15, we compare the amplitude and phase pro-
files of the m= 2 mode obtained from the original surface
stellar density fields with those obtained from the density
field in which the clumps have been removed. We find
that the profiles are almost indistinguishable when there
is no irregular structure like clumps. Hence the proce-
dure described above does not affect our results when the
clumps do not exist.
At z = 0.5 in Aq-D, the clumps shown in figure 14 con-
tribute to the m = 2 mode. Removing the clumps low-
ers the second peak in the amplitude profile. The phase
profile is however hardly affected by the clump removal,
since the arm-like features induced by the clumps remain
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present in the surface stellar density (see figure 3).
We have confirmed that the removal of the clumps
does not affect our estimation of the bar length, ampli-
tude, and phase for all the snapshots used in the paper.
Nevertheless, we apply the clump removal procedure all
the analyses present in this paper, unless otherwise stated.
Appendix 2. Bar length
Athanassoula & Misiriotis (2002) presented a number of
ways to measure bar length. Scannapieco & Athanassoula
(2012) tested three of them, which are applicable to cos-
mological simulations. We here use these three methods
and see the uncertainties in measuring the bar length.
The first method is the one we employ in the main text,
which utilizes the radial phase profile of the m=2 Fourier
component. This method gives the bar length 5.58 kpc
for Aq-C and 4.42 kpc for Aq-D at z = 0.
In the second method, we utilize the amplitude of the
m = 2 Fourier component. We estimate the bar length
from the radius where the m = 2 amplitude drops to a
small fraction of Amax2 . We here define the bar length
as the radius where A2(r) drops to 0.25A
max
2 as done
in Scannapieco & Athanassoula (2012). The bar lengths
given by this method are 5.17 kpc and 4.42 kpc for Aq-C
and Aq-D, respectively, at z = 0.
The third method utilizes the surface stellar density
profiles shown in figure 16. Within the bar length, the
surface density along the bar major axis must be higher
than that along the minor axis at given radius. For Aq-
C, we can see the clear signature of the bar in the surface
density profiles. On the other hand, the signature is much
weaker for Aq-D. This is consistent with the small ampli-
tude of the m = 2 Fourier mode in Aq-D. We define the
bar length as the radius where the relative difference be-
tween the surface densities along the major and minor
axes drops to 10 % of the maximum. This method yields
the bar length of 5.65 kpc for Aq-C and 4.49 kpc for Aq-D
as indicated in figure 16 by the vertical lines.
The bar lengths obtained by the three different methods
agree reasonably well between them both for Aq-C and
Aq-D. We thus only show the bar length obtained by the
first method in the main text.
Appendix 3. The outer component of Aq-D’s bar
As we discussed in the main text, Aq-D’s bar at z = 0
has two peaks in the amplitude of the m = 2 component
within the bar length. This is quite unusual and thus
we here present the evolution and properties of the outer
component.
In figure 17, we show the evolution of the amplitude
and the phase of the outer m = 2 component of Aq-D
around z = 0. We find that the amplitude largely varies
with time, while the amplitude of the inner peak does not
change much (see figure 5).
We also show the phase of the outer m= 2 component.
Clearly, the outer component is almost always aligned
with the inner component, though the slight misalignment
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Fig. 16. Surface stellar density profiles at z=0, when galax-
ies seen face-on. The upper and lower panels respectively
show Aq-C and Aq-D. The azimuthally averaged profile is
shown by the blue solid line, and the profiles along the bar
major axis and minor axis are shown by the green dotted and
red dashed lines, respectively. The vertical dotted lines in-
dicate the bar lengths defined by the surface stellar density
profiles.
at t < 13.53 Gyr is too large to include the outer compo-
nent in the bar. Therefore, the outer component might be
a part of the bar whose amplitude is enhanced and phase
is shifted by the interactions with other components.
We show the face-on surface stellar density maps of Aq-
D at t≃ 13.54 Gyr when the amplitude of the outer m=2
component is the largest. To see what is happening more
closely, we draw contours that indicate the densities at
radii corresponding to the minimum and outer peak of
A2(r). The contours for the original density distribution
clearly show the existence of substructure at the radius
corresponding to the outer peak of A2(r). We always
find such substructure when the amplitude of the outer
component takes the maxima. The high frequency oscil-
lation seen in the time evolution of the amplitude of the
outer peak (see figure 17) suggests that the outer peak
is induced by objects that are orbiting in the disk with
different angular velocity from the bar. We suspect that
these rotating objects are debris of clumps from the sur-
face density contours.
After we have removed the clumps, we do not see such
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Fig. 17. Upper panel: the amplitude of them=2 component
in Aq-D at the radius corresponding to the outer peak in the
amplitude profile. Lower panel: The phase of the outer peak
in the amplitude profile of the m = 2 component of Aq-D
(red filled points). The phase of the bar, i.e. the phase at
the radius corresponding to the inner peak in the amplitude
profile, is indicated by the blue filled squares.
Fig. 18. Contour maps of the face-on stellar surface density
of Aq-D when the amplitude of the outer m=2 component is
maximum (t ≃ 13.54 Gyr). The left and right panels respec-
tively show the original density field and the one in which the
clumps have been removed. The inner thick black solid con-
tour corresponds to the densities at the radius where A2(r)
takes the minimum value between two peaks. The outer thick
black contour indicates the density at the radius of the outer
peak. Here the bar length (the black straight line) is termi-
nated at the radius where A2(r) takes the minimum value
between two peaks.
substructure in the density distribution (right panel of
figure 3). The amplitude of the m=2 component however
has a peak at the same radius even if we have removed the
clumps because our procedure to remove the clumps do
not erase the features induced by interactions with the
clumps. When the amplitude of the outer component is
smallest, the amplitude profile of the m= 2 component is
similar to that of a weak bar whose length is beyond the
radius of the outer peak, although the amplitude profile is
very noisy. We therefore do not exclude the outer m = 2
component from the bar as long as its phase is aligned
with φbar, i.e. the phase of the inner peak. We stress that
the bar angle, φbar, and the bar amplitude, A
max
2 , are
not affected by the inclusion (or exclusion) of the outer
component because we always employ the radius of the
inner peak as rmax2 .
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